On the Rejectability of the Subjective Expected Utility Theory*

Konrad Grabiszewskif

February 2012

Abstract

State space is an element of the Subjective Expected Utility (SEU) theory that is constructed in
the agent’s mind but is not directly observable. The researcher who verifies whether or not the agent
violates the SEU theory could presume a state space but he risks reaching conclusions based on false
assumptions. As an alternative approach, I propose SEU-rationalization: From the agent’s observable
choices, the researcher constructs the state space and belief over that state space such that the agent
appears to satisfy the SEU theory. I derive conditions under which it is possible to SEU-rationalize the

agent’s behavior.

Keywords: subjective expected utility theory; state space; SEU-rationalization

JEL classification: D01; D03; D81.

*I would like to thank Itzhak Gilboa, Alex Horenstein, and Erkut Ozbay for their valuable comments. Support from the
Asociacién Mexicana de Cultura A.C. is gratefully acknowledged.

T Address: Department of Business Administration, ITAM, Av. Camino a Sta. Teresa No. 930, Col. Magdalena Contreras,
C.P. 10700 Mexico D.F., Mexico, konrad.grabiszewski@itam.mx, http://allman.rhon.itam.mx/ konrad.grabiszewski/



1 Introduction

An American firm plans an expansion to the European market. Among other things, the managers must
decide where to locate their European headquarters. How can they solve this problem? If the firm chooses to
rely on the Subjective Expected Utility (SEU) theory developed by Leonard J. Savage (Savage (1972)), then
the first step is preparation of the list of all feasible options. Such a list constitutes the set of alternatives
and is denoted by F. Let f stand for France, g for Germany, h for Hungary, and so on. The second step
then involves constructing state space, as denoted by ). Each state, w, is then, in the words of Savage, “a
description of the world, leaving no relevant aspect unprescribed.” In the case of the location problem, there
could be several political, social, or economic uncertainties whose realizations are not know before the firm
makes a decision, though they affect the firm’s business objectives. For instance, France can change its 35-
hour work week to a 30-hour work week, or Germany can decide to withdraw from the euro zone, or Hungary
can experience a crisis as severe as the ongoing Greek debt crisis. Each given state represents a realization of
all uncertainties that the firm deems relevant. For example, if state wy is true, then France does not change its
labor law, Germany remains in the euro zone, and Hungary suffers a huge crisis. It is assumed that states are
internally consistent (i.e., no w represents a scenario in which France decreases and, simultaneously, increases
the maximum of weekly working hours) and only one state is true, though the firm is uncertain which state
is/will be true. The next element of the SEU theory is the set of consequences, X. The consequences,
also called outcomes, are what the firm ultimately cares about. They can be expressed as monetary gains,
but this is not necessary. For example, the firm can consider a three-element set of consequences, X = {z; =
“very good business situation,”xs = “acceptable business situation,”z3 = “bad business situation”}. For a
given state, each alternative yields a specific consequence. For instance, if w; is true, then the outcomes of
choosing f, g, and h are z1, x1, and x3, respectively. Using the state space and set of consequences, the firm

represents alternatives as functions, also known as acts,
f:Q—-X (1)

As such, the set of alternatives is called the set of acts. Using the state space, the set of consequences, and
the set of acts, the firm is able to construct a utility function, u, defined on X, v : X — R, and a subjective

probability measure, A, defined on 2 such that each act is evaluated by its subjective expected utility,
[ utsnix @)

The firm then picks a location that yields the highest expected utility.

This summarizes how SEU can be use to solve decision problems. In this paper, however, I do not analyze
the normative, but rather the descriptive, aspects of the SEU theory. That is, I focus on the problem of the
researcher (hereafter, referred to as “he”) who tries to determine whether or not the behavior of the agent
(hereafter, referred to as “she”) violates the SEU theory.



From the researcher’s perspective, the key problem with testing the SEU theory is that he can tell what
choices the agent made, but in general he does not know how she made these choices. In the case of the
American firm, the researcher does not participate in the business meetings and does not monitor the firm’s
analysis of alternatives. Hence, the researcher does not know what uncertainties the managers consider to
be relevant and, in consequence, what state space the firm may be considering. It is the non-observability
of state space that is a focus of this paper. In order to test the SEU theory, the researcher, who has only a
limited understanding of how the agent analyzes her decision problem, could make assumptions about the
agent’s analysis—for example, he could assume a specific state space. However, in a such case the researcher

is bound to make incorrect conclusions since his assumptions could be false.

In this paper, I propose an alternative approach in which I consider the most prudent researcher, who does
not presume any state space. This researcher relies on data consisting of observable choices and uses it
to construct a state space and belief over that state space such that the agent appears to satisfy the SEU
theory. I call this procedure SEU-rationalization of the agent’s behavior. As part of this, I assume that the
researcher (a) knows what set of alternatives the agent faces; (b) observes the agent’s preference relation,
7, defined over the set of alternatives; (¢) knows what set of consequences the agent considers; and (d) knows
how the agent perceives the alternatives. Since there is no state space, the alternatives are translated into
subsets of the set of consequences, X, instead of acts. That is, an alternative, f, is identified with a subset

of X, Xy, which is interpreted as the collection of all possible consequences that the alternative can yield.

The main question of this paper is:
Under what conditions is it possible to SEU-rationalize the agent’s behavior?

I use the following two-step analysis to obtain the answer.

Step 1. In Section 3, Lemma 3.1 develops conditions characterizing the set of alternatives, the agent’s
preference relation, and the set of consequences that imply the existence of a utility function, u, defined over
the set of consequences, X, as well as, for each alternative, f, a probability measure, Ay, defined over X
such that the support of A\; is X, and f is evaluated by its expected utility, V(f) = fo w(z)dAy.

Step 2. In Section 4, Proposition 4.1 constructs a state space, 2, and a probability measure, A, defined
over that state space such that the alternatives become acts that are evaluated by their expected utility,
V(f) = Jou(f(w))dp. The construction of Q and A relies on Xys and Ays from Lemma 3.1.

This paper is not the first to recognize that the researcher does not directly observe states and that this lack of
observability make it difficult to verify whether or not the agent violates a given theory. For instance, Gilboa
(2009) notes that “when we consider a real-life choice, different people may think of different eventualities,
different possible outcomes, and plan for different time horizons. Actual choices may not satisfy P2 [i.e., an
axiom of Savage] when embedded in a given model, and yet they may satisfy it when embedded in a larger
model.” Similar observations are made in Epstein (2010), Karni (2008), and Machina (2003). This paper



adds a method of SEU-rationalization to the existing work. An example of applying this method is presented
in Section 2, which includes two SEU-rationalizations of the Ellsberg three-color urn experiment—hereafter
called the Ellsberg experiment (Ellsberg (1961)). One of these SEU-rationalizations implies that the Ellsberg

experiment does not constitute a valid empirical argument against the SEU theory.

This paper is constructed in the following way. Section 2 contains two SEU-rationalizations of the Ellsberg
experiment. Sections 3 and 4 develop a method that allows to conduct an SEU-rationalization. Section
5 discusses the place of this paper in the literature, and Section 6 contains final remarks. All proofs are

relegated to the Appendix.

2 SEU-Rationalization of the Ellsberg experiment

In this section, I present a very simple version of the Ellsberg experiment and show that the experiment’s

result can be SEU-rationalized when the agent’s behavior is allowed to be irrational.

In the urn, there are three balls. One of them, and only one, is red. Each of the remaining two can be either
green or blue. However, the number of green balls in the urn is unknown. One ball will be drawn from the
urn. The agent has two decisions to make. The first choice is between a bet on a red ball, f,., and a bet on
a green ball, f;. The second choice is between a bet on a red or blue ball, f,4, and a bet on a green or blue
ball, fs. Without loss of generality, I assume that betting successfully yields a utility of 1 while betting

unsuccessfully generates a utility of 0. The following preference relation is of interest:

fro= [y (3)
fgb - frb

The set of consequences, X, consists of two elements, S(uccess) and F'(ailure). How can the agent construct
a state space to analyze this problem? Consider Q0= {R, G, B}, where the letter indicates which ball will be
drawn. This can be called a posterior-view state space, since the states represent what will be true after the
drawing occurs. Given Q, it is possible to represent alternatives as the Savage acts—that is, the functions
from Q) to X. For instance, f,(R) = S and f.(B) = f,(G) = F. Let A be a probability measure on 2. The
preference relation depicted in (3) is inconsistent with the SEU theory: f, > f, implies that A({R}) > A({G})
while fyy > fr, implies that A({G, B}) > A({R, B}), which indicates that A({G}) > A({R}). Another obvious
choice of state space is Q= {0,1,2}, where each state stands for the number of green balls in the urn. This
can be called a prior-view state space, since states represent what is true before the draw. In this context,
bets are maps from Q to the set of (objective) probability measures on X, P(X), which implies the use of
Anscombe and Aumann (1963). It is straightforward to show that the Ellsberg experiment also violates the

Anscombe-Aumann theory.



Savage’s model with state space Q) does not explain (3), but allowing for another state space, it might be

possible that there is a Savage model that generates (3). Table 1 describes such an SEU model. (Section 4

provides the details of how Table 1 was constructed.)

state | fr | fqg | fov | fro | probability || state | fr | fq | fgp | fro | Probability
w1 S| S S S 120/1296 Wy F|S S S 60/1296
wa S| S S F 120/1296 wio | F | S S F 60/1296
w3 S| S| F S 24/1296 w1 | F | S| F S 12/1296
Wy S| S| F F 24/1296 wie | F | S| F F 12/1296
ws S| F | S S 240/1296 wis | F | F | S S 120/1296
we S| F | S F 240/1296 wyg | F I F | S F 120/1296
wr S| F | F S 48/1296 wys | F | F | F S 24/1296
ws S| F | F F 48/1296 we | F | F | F F 24/1296

Table 1: SEU-rationalization of the Ellsberg experiment.

In Table 1, there are sixteen rows, with each denoting a state. Columns f., fy, fg», and f,, show the

realizations of bets at a given state. For example, at w; all bets yield S. The probability column depicts

the probability that a given state will occur. If V/(f) denotes the expected utility of act f, then it is easy to
verify that the SEU model in Table 1 captures the choices in (3):

VI(fr) =

120 +120 + 24 + 24 + 240 + 240 + 48 +48 864

V(fe) =

1296

T 1296

L1204+ 120+ 24+ 24+ 60+ 60+ 12+ 12 432

V(fgb) =

V(frb) =

1296

1296

120 + 120 + 240 + 240 + 60 + 60 + 120 + 120 _ 1080

1296

T 1296

120 4+ 24 +240 + 48 + 60 + 12+ 120+ 24 643

1296

T 1296

The main difference between state space as given in Table 1 and the previously mentioned Q) is that the

former allows for irrationality. For instance, at ws only act f, does not yield success—that is, the drawn

ball has two colors, red and blue. Other states are even more baffling—for example, at wg the drawn ball is



red and, at the same time, not red. The SEU-rationalization in Table 1 relies on the objectively irrational
probability measure. The notion of objective and subjective rationality was established by Gilboa et al.
(2010). The agent’s belief is objectively rational if she is able to convince others that her belief makes sense.
If others cannot convince the agent that her belief is wrong, then such a belief is subjectively rational. In the
Ellsberg experiment, it is objectively rational that, for example, if a red ball is drawn then the probability of
the same ball being blue (or, green) or not being red is 0. Thus, ws and ws should be assigned a probability
of 0. In fact, the only states that are objectively rational are wy (i.e., red ball is drawn), wyg (i.e., green ball
is drawn), and wy3 (i.e., blue ball is drawn). These are the states R, G, and B, respectively, from the state
space €.

f 1068
1296

irrational. Measuring the agent’s irrationality by the weight she assigns to such states, it is fair to say that

In Table 1, the agent behaves as if she is assigning a probability o to the set of states that are objectively
the SEU-rationalization in Table 1 is not satisfactory, since it relies on large irrationality. Therefore, it is
obvious to ask: What is the smallest irrationality that would still allow for the SEU-rationalization of the
Ellsberg experiment? The answer is: As small as desired. Let € be a total mass assigned to objectively

irrational states. Fix ¢ as smaller than 0.3 and consider the SEU model given in Table 2.

state | fr | fg | foo | fro | probability || state | f. | fq | fgo | fro | probability

wi | S|S|S|S 0 wg |F | S| S |8 0
wa S| S S F 0 w10 F|S S F % - %5
w3 S| S F S 0 w11 F|S F S 0
w4 S S F F 0 W12 F|S F F 0
ws [ S|F| S| S 0 wis |F|F| S| S S — e
we S F S F 15 w14 F | F S F 0
wr [ S|F|F | S L — e ws | F|F| F | S 0
ws |S|F|F |F 0 we |F|F|F | F 0

Table 2: e-small irrationality and SEU-rationalization of the Ellsberg experiment.



Next verify that the SEU model depicted in Table 2 captures the choices in (3):

1 1 8
+

Explanations for the behavior of the Ellsberg experiment’s subjects can be divided into two camps.

(a)

The non-SEU explanations rely on assumption that the agent is objectively fully rational—that is,
her state space is {wr,w10,w13}. The non-SEU explanations consists of the ambiguity theories. The
ambiguity literature begins with Schmeidler (1989), who models the agent’s belief as a non-additive
measure. As an alternative, in Gilboa and Schmeidler (1989), the agent is characterized by the set
of priors and acts are evaluated by the minimal expected utility they yield. In Ghirardato et al.
(2004), which extends the model of Gilboa and Schmeidler (1989) the agent ranks acts according to
the weighted sum of their minimal and maximal expected utilities. Another generalization of Gilboa
and Schmeidler (1989) is provided by Maccheroni et al. (2006). In their model of variational preferences,
the agent takes into account not only the minimal expected utility that an act generates but also an
ambiguity index. One special case of the model of variational preferences is the multiplier preferences
model introduced by Hansen and Sargent (2001) and axiomatized by Strzalecki (2010). Yet another
non-SEU approach involves modeling the agent as if having second-order belief. In Segal (1987), the
agent’s decision-making process consists of two stages in which the agent constructs a belief over the
state space, as well as the set of probabilities over the state space. Finally, Siniscalchi (2009) offers a
model of vector expected utility in which acts are the sum of subjective expected utility and adjusting
function. (See Eichberger and Kelsey (2009), Ghirardato (2010), and Siniscalchi (2008) for a review of
the ambiguity literature. The most complete and up-to-date bibliography is Wakker (2011).)

The SEU-based explanations enlarge the state space, {wr, w10, w13}, and require the agent to assign
non-zero weight to that enlargement. Gilboa and Schmeidler (1994) and Mukerji (1997) belong to this
group as well as the SEU-rationalizations in Tables 1 and 2 do. Due to the large weight it assigns
to irrational states, I omit the SEU-rationalization in Table 1 from further discussion. In Table 2 the
total mass assigned to irrational states is €. In fact, there is only one irrational state, wg, that has
non-zero weight. The existence of such irrationality can be due to the agent not being accustomed to
decision problems expressed in terms of the urn and balls. As Gilboa (2009) writes, “David Schmeidler

often says, ‘Real life is not about balls and urns.” Indeed, important decisions involve war and peace,



” When faced with the problem described in an unfamiliar

recessions and booms, diseases and cures.
fashion, the agent might misunderstand the problem or miscalculate the probability, and make an
e-small mistake. Alternatively, in the laboratory environment, the e-small irrationality might be due
to the agent mistrusting the experimenter—that is, the agent believes that she is playing a game
with the experimenter in which the experimenter has superior knowledge about the urn or is trying to
manipulate her. This line of thought is not new and has been pursued by, among others, Kadane (1992)
who shows that the two-urn Ellsberg experiment fits within the SEU framework as long as the agent
assigns arbitrarily small probability to the experimenter being malevolent. (See also Brewer (1963),
Frisch and Baron (1988), Hey et al. (2010), Kiihberger and Perner (2003), Morris (1997), Mukerji and

Shin (2002), Pulford (2009), and Trautmann et al. (2008).)

From an empirical perspective—that is, from a perspective that bases conclusions only on observable data—
the fact that only e-small irrationality is enough to SEU-rationalize the Ellsberg experiment implies that
the experiment does not reject the SEU theory. This claim is based on two arguments. First, suppose that
the only available observations are those in (3). Since the state space is unobservable, there is no empirical
reason to assume (or not to assume) that the state space is {wr, w10, w13} (i-e., non-SEU explanations) or the
enlarged {wr, w19, w13} (i.e., SEU explanations). In this case, the data reject neither of these explanations.
Second, suppose that the researcher does have more information about the agent’s choices and is able to
estimate the weight that the agent’s belief assigns to the enlargement of {wr,wip,w13}. In the case of the
SEU-rationalization given in Table 2, that enlargement consists of state wg. The only difference between the
non-SEU explanations and this given in Table 2 is the weight assigned to state wg: 0 and e, respectively.
However, statistically speaking, 0 and e are the same—that is, it is not possible to reject the hypothesis
that the agent assigns weight € to wg in favor of the hypothesis that the weight is 0 (or, vice versa). In
situations like this, Gilboa and Samuelson (2011) indicate that “[p]eople typically bring subjective criteria
to bear in making this choice [i.e., choosing among theories], tending to select theories that seem a priori
reasonable, intuitive, simple, elegant, familiar, or that satisfy a variety of other considerations.” In the case
of the Ellsberg experiment, it is left for the reader’s subjective criteria to decide which explanation seems
more appropriate. One such a non-empirical criterion that can be used to bolster the position that the
Ellsberg experiment is a valid argument against the SEU theory is the requirement that the agent be fully

rational.



3 Step 1: Uncertainty without state space

3.1 Terminology and notation

There is an agent and there is a researcher who analyzes her. The agent faces the set of alternatives denoted
by F, and I assume that the researcher knows that the set of alternatives is 7 and not some other set. (Note
that here and later, “to know” has an informal meaning and is not formally defined as it is in the epistemic
literature.) The agent is characterized by a preference relation, =, defined over F, and I assume that, relying
on the agent’s observable choices, the researcher is able to construct . The agent considers X as the set
of consequences and I again assume that the researcher knows X. What is missing is the state space. I
make no assumption about whether or not the agent constructs a state space. However, I do assume that
the researcher does not presuppose any state space and models the agent’s behavior as if there were no state

space.

Without a state space, alternatives cannot be described as Savage acts. Hence, the obvious question is:
What is the use of the set of consequences? The set of consequences, X, makes it possible to describe what
the alternatives mean to the agent. Each alternative, f, is associated with a unique subset of X, X, and
this subset is interpreted as the set of outcomes that the agent considers to be possible when she chooses
f. When Xy is countable, there is no problem with understanding what “possible outcomes” means. In
this case X is a collection of all consequences to which the agent assigns a non-zero probability. However,
this term need not be clear when X is uncountable. Instead it is likely that X; and, for some z € Xy,
X\ {z} are two sets that are indistinguishable from the probabilistic perspective. Obviously this is a source
of potential problems, since each alternative should be identified with a unique subset of X. (I address this
issue in greater detail in Subsection 3.2.) T assume that the researcher knows how alternatives are associated
with the subsets of X.

In formal terms, an alternative is a pair, (f, Xs), where f is a label and Xy is a subset of X. I define
alternatives in this way because it is possible that there are two alternatives that share the same set of
consequences but which are not evaluated as being the same or equally good. Consider a bet on the next
winner of the U.S. presidential elections. There are two alternatives: a Democrat, denoted by fp, and a
Republican, denoted by fr. Suppose that picking the winner yields $100, while picking the loser costs the
agent $50. Each alternative is associated with the same set of outcomes—mnamely {$100, —$50}. However,
it need not be true that the agent perceives fp and fr as the same object or that the agent is indifferent

between fp and fg.

As standard in the literature, the strict part of 7 is denoted by = and is defined in the usual way: f = g if
and only if it is true that f 7 ¢ and it is false that g 27 f. I write € X whenever z is a consequence that,
at least in the agent’s mind, may obtain if she chooses f. Let f, denote a singleton alternative that yields

consequence z—that is, Xy, = {«}. A singleton alternative generates no uncertainty—if the agent chooses



fz, then she knows the final outcome will be x. Although not formally correct, I will abuse the notation and

write x instead of f.

3.2 Set-up and objectives

Fix the set of alternatives, F, the set of consequences, X, and the agent’s preference relation, -, defined
over the set of alternatives. It is useful to think of the agent as facing a two-stage procedure: First, the
agent chooses an alternative; second, Nature picks one element from the set of consequences attributed to
that alternative. Since the agent has no control over Nature’s choice, she assigns probability As to the set
of outcomes associated with f. The alternatives are evaluated by their subjective expected utility—in other

words, if u is a utility function defined over the set of consequences, then f is preferred over g if and only if
fo u(x)drp > fXg u(z)dAg.

It is important that such a probability measure, Ay, assigned to alternative, f, captures the agent’s perception
of f. In the case of countable alternatives, it is clear: If x is considered to be possible when f is chosen,
then Ay assigns a non-zero weight to . However, with uncountable X, it is not possible to require that
As(x) > 0 for each x € Xy. This implies that there is no straightforward definition of the “possible outcomes”
for uncountable alternatives. Suppose that X = [0, 1] and take X; = [0,0.5]. If Af(0) = 0, then it is not
clear whether Xy should be defined as [0,0.5] or (0,0.5]. I solve this problem by implicitly assuming that
the agent is indifferent between X; and the closure of Xy and, in Assumption 3.1, I focus only on those
uncountable alternatives that are closed in X. In consequence, Af is said to capture agent’s perception
about an alternative whenever the support of A\ is Xy. (Note that if X is a probability measure defined
on a metric space, X, then the support of A is defined as the smallest closed subset of X, C, such that
A(C) = 1.) However, without additional requirements, it is not necessarily true that for a given Xy there
exists a probability measure with support X ;. This issue is also resolved in Assumption 3.1, which requires
that uncountable X is a separable metric space. This guarantees that for a given closed subset of X, Xy,

there exists a probability measures on X with support X (see Exercise 4, Chapter 7.1 in Dudley (2002)).

The idea behind a two-stage procedure discussed above—first, choice of the agent; second, choice of Nature—
is derived from the theory of Savage. Recall that in a model with state space, each alternative is a function
that is evaluated by its expected utility, fQ u(f(w))dA. Note that f and A generate the probability measure
on the set of consequences denoted as Ay. Such a Ay can be identified as the agent’s subjective belief
associated with f, and support of As can be interpreted as the set of consequences that the agent considers

to be possible if she chooses f.

To summarize, the model of agent’s behavior consists of three elements—the set of alternatives, the preference
relation defined over that set of alternatives, and the set of consequences—with alternatives described as sets

of possible consequences. I impose the assumptions that allow for construction of (a) a utility function, w,

10



defined over the set of consequences and (b) for each alternative, f, a probability measure, A s, with support

X, such that f is evaluated by its subjective expected utility, | X, u(x)dAy.

3.3 Utility representation

The first assumption, as previously indicated, is technical and guarantees that, for each Xy C X, there exists

a probability measure, Ay, such that the support of A\; is X.

Assumption 3.1 Set of consequences.

If X is uncountable, then X is a separable metric space endowed with the Borel o-algebra. In this case, if

Xy is uncountable, then Xy is a closed subset of X and is endowed with the Borel o-algebra.

Assumption 3.2 is an axiom of choice theory and guarantees the existence of utility function, V', representing

the agent’s preference relation.

Assumption 3.2 Preference relation.

7 is a complete and transitive binary relation on F. If F is uncountable, then = is continuous.
In the case of an uncountable set of alternatives, combining Assumption 3.2 with Assumption 3.3a guarantees
that V' is a continuous function (see Debreu (1954, 1964)). Assumption 3.3b requires that the set of alter-

natives be rich enough to allow for the derivation of a utility function, u, defined on the set of consequences,

X. Such a function is defined in a natural way as u(z) := V(fyz).
Assumption 3.3 Set of alternatives.

(a) If F is uncountable, then F is a separable metric space.

(b) For each x € X, there is f, € F.

Let max f and min f denote the maximum and minimum (with respect to 7) elements of X, respectively.

That is, for each © € Xy, max f 27 « 77 min f. Assumption 3.4 gives the key requirement.
Assumption 3.4 Max—Min boundaries.

(a) For each f € F, there exist max f and min f.

(b) For each f € F, if max f > min f, then max f > f > min f.

11



Note: Instead of assuming the existence of max f and min f, one can require that X be a compact metric
space (Assumption 3.1). In that case, Xy, a closed subset of X, is also compact, and since u is a continuous

function, the Weierstrass Theorem dictates that both max f and min f exist.

Assumption 3.4b can be seen as an extension of the Simple Dominance Axiom introduced by Barbera (1977),
which holds that {z} = {y} implies {z} > {z,y} > {y}.

It is crucial that Assumption 3.4 be formulated in terms of > instead of =—. When f is not a singleton, then
such an act should not be indifferent to its best or worst element. Suppose that X; = {z1,x2,z3} where
1 = o2 = x3. If f ~ 21, then Ay must be a degenerate measure that assigns 1 to x;. However, this would

violate the fact that the agent considers all three consequences to be possible.

In order to better understand the limits imposed by Assumption 3.4, consider two possible violations of
Assumption 3.4. First, suppose that the agent prefers min f to f. That agent does not want to try to
improve her well-being, even though there are no costs involved in attempting this. After all, by choosing
f, the worst possible result is min f. Next consider the agent who prefers f to max f. That is, instead of
having a certainty that she will get the best possible outcome that f can generate, max f, the agent picks
f. Although Assumption 3.4 may appear to be an obvious and harmless requirement, I assert that, when
appropriate, it is reasonable to expect that Assumption 3.4 will be violated. Consider the agent’s problem
of choosing the destination for her next summer vacation. For simplicity, Ann chooses from the set of U.S.
states, F. Let X be the set of consequences representing Ann’s different levels of satisfaction derived from
summer trip: “very good,” “good,” “acceptable,” “bad,” and “very bad.” If h represents Hawaii, then Ann,
who has already visited the Hawaiian islands, identifies h with “very good,” her best possible consequence.
This year, Ann decides to go to Georgia, g, which she has never visited before. Ann believes that Georgia
will yield one of three consequences, “very good,” “good,” or “acceptable.” Ann strictly prefers Georgia over
Hawaii and her behavior violates Assumption 3.4. This choice may appear to be puzzling. However, visiting
Georgia means not only having a vacation but also learning what a vacation in Georgia means. That is,
choosing a location she has never visited before yields the additional benefit of learning—that is, after Ann
experiences Georgia, g, she learns what it means to go there, and g become a singleton. Ann’s utility over
F is a weighted sum, V(f) = EU(f) + a|f|, where EU(f) is the expected utility derived from f and |f] is a
cardinality of f. (In this context, cardinality can be interpreted as a measure of how well the agent knows
f. For Hawaii, |h| = 1, but for Georgia, |g| = 3.) A parameter, «, measures the importance of learning.
Although a trip to Georgia yields expected value that cannot be bigger than the (certain) value generated
by the Hawaii vacation, Ann chooses Georgia over Hawaii. This happens because « is strictly bigger than
zero (in other words, Ann likes to learn). Alternatively, consider Bob who spends every vacation in Texas,
t, and considers t to be “good.” Bob knows that there are other alternatives—in particular, California, ¢,
which he perceives to be “very good” or “good.” Going to California will guarantee an expected value that
is at least the same as the trip to Texas. However, Bob’s « is negative—that is, he dislikes learning—and

he prefers to stick to what he already knows best. In consequence, he, like Ann, violates Assumption 3.4.
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Assumptions 3.1 through 3.4 imply that the agent behaves as if she were evaluating the alternatives by their

subjective expected utility.

Lemma 3.1

Fiz X, F, and 7Z. If Assumptions 3.1, 3.2, 8.3, and 3.4 hold, then:

1. for each f € F there is a probability measure, Ay, defined on X such that the support of Ay is X¢; and

2. there exist bounded and continuous functions, u : X — R and V : F — R, such that V represents =
and is defined as V(f) := fo u(x)dAy.

4 Step 2: State space and belief over state space

Lemma 3.1 shows that the agent behaves as if she were ranking alternatives according to the subjective
expected utility they yield. Note that there still are no state space, €2, and no probability, A, defined on that
state space, to translate the structure presented in Section 3 into an SEU model. These are provided next

in Proposition 4.1.

Proposition 4.1

Fiz X, F, and 7. Suppose that Assumptions 3.1, 3.2, 8.8, and 3.4 hold, and assume the Axiom of Choice.
Then:

1. there exists a state space, §2, such that each f € F is representable as a measurable function f : Q@ — X;

and

2. there exist bounded and continuous functions, u: X — R and V : F — R, and a probability measure,
A, defined on Q such that V represents 7 and is defined as V(f) := [, u(f(w))dA.

In Proposition 4.1, the state space is defined as the product of sets of consequences associated with the
alternatives, Q := xcrXy. As such, each state specifies the outcome of each alternative. This is not a
novel idea (see subsection 11.1 in Gilboa (2009)). One important objection to Proposition 4.1 concerns
the construction of belief, A, which is defined as a product of the probabilities associated with alternatives,
Ags. As such, the alternatives are assumed to be outcome-independent—that is, knowing the realization of
alternative f does not change the agent’s evaluation of alternative g. In general, this assumption need not be
correct. However, in order to determine the agent’s perception of the relationships among alternatives and
derive a measure over {2 that is not a product measure of Ays, it is necessary to introduce more complicated

alternatives, leaving this as an open problem.
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The construction of €2 and A in Proposition 4.1 provides the basis for the SEU-rationalization of the Ellsberg
experiment proposed in Table 1. Let X,. stand for the set of possible consequences when the agent bets on
the red ball, f,. Similarly, there are Xy, X,4, Xg. Note that X, = X, = X, = Xg, = {5, F'}. Following
Lemma 3.1, T derive Ass for the four acts in question: \.(S) = %7 Ag(S) = %, Arp(S) = %7 and Agp(S) = %.
As suggested by Proposition 4.1, the state space is built as Q = X, x Xy x X3 x Xg, and agent’s belief,
A, is defined as a product measure. As noted in Section 2, Table 1 provides an SEU-rationalization of the
Ellsberg experiment, but at the cost of assigning high probability to irrational states. That construction

from Table 1 then leads to the creation of an SEU model with e-small irrationality in Table 2.

5 Related literature

This paper belongs to a large body of literature that is concerned with an agent ranking sets of objects. (See
Barbera et al. (2004) for the most complete review of this literature.) The models in this literature consist
of two stages. In the first stage, the agent chooses a subset of X. What happens at the second stage divides

these models into the following two groups:

A. models in which, at the second stage, Nature picks the final outcome. (See Section 3 in Barbera et al.
(2004).) These models are known as the models of choice under “complete uncertainty,” have the same
structure as the model in Section 3, and are comparable to Lemma 3.1. However, because they are not

concerned with construction of the agent’s state space, they are not comparable to Proposition 4.1.

B. models in which, at the second stage, the agent picks the final outcome. (See Section 4 in Barbera et al.
(2004).) Here the non-existence of Nature implies that these models are not comparable to Lemma 3.1.
However, the models of “preference for flexibility,” which belong to this group, also aim to construct the

state space from the agent’s preference relation and, as such, are comparable to Proposition 4.1.

The models in both groups share one common feature that separates them from the set-up I propose. In these
models, the agent’s preference relation is defined over the power set of X. Such a construction implicitly
assumes that two alternatives with the same set of consequences should be perceived as the same object
or, at least, that the agent should be indifferent between them. As the example of betting on the winner
of the next U.S. presidential election indicates (Subsection 3.1), this assumption is too restrictive for the
objective of this paper. One possible solution is to define the consequences in a different way. For instance,
instead of z; = $100, one can think of two consequences: 7; = “win $100 when a Democrat wins” and
1o = “win $100 when a Republican wins”. Similarly, zo = $ — 50 can be replaced by y3 = “lose $50 when a
Democrat loses” and y; = “lose $50 when a Republican loses.” With this new set of consequences, betting
that the winner will be a Democrat or a Republican can be identified by Xp = {y1,y3} and Xr = {y2, y4},

respectively. Clearly these two bets differ in terms of the sets of outcomes. However, another problem
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emerges. With the set of consequences X = {y1,¥y2,ys,¥ya}, it is possible that the agent will be unable to
express her opinion about all of the subsets of X. In particular, singletons of X do not provide a complete
picture of what the agent might win or lose. For instance, X4 = {y;} indicates that the agent wins $100
if a Democrat wins but does not address a Republican victory. If the agent is unable to rank X4, then it
is not possible to construct a utility function over X and, in consequence, carry out SEU-rationalization.
There are also subsets of X that seem contradictory. For example, consider X g = {y1,y4}, which indicates
that the agent both gains $100 when a Democrat wins and loses $50 when a Democrat wins (i.e., when a
Republican loses). In order to avoid these problems, I define an alternative as a pair consisting of a name,

f, and a set of consequences, Xy.

The essential difference between the models in Group A and Lemma 3.1 is the use of probabilities. As
stated by Barbera et al. (2004), “[T]he term ‘complete uncertainty’ refers to a situation where the agent
knows the set of possible consequences of an action but cannot assign probabilities to those outcomes.” My
main objective is to model the agent’s choice as if it were derived from constructing subjective beliefs for
alternatives and evaluating alternatives according to their subjective expected utilities. However, this paper
is not the first to assume that the agent behaves as if she were constructing beliefs over the sets of possible
outcomes. Ahn (2008), for instance, starts with the finite set X and the set of probability measures on
X, P(X). In his model, agent’s preference relation is defined for singletons and regular subsets of P(X).
(A is a regular subset if the closure of the interior of A is the same as A.) Let v denote the continuous
utility function defined on P(X), which does not necessarily take the expected utility form. Ahn (2008)
derives a probability measure, u, on P(X) and a representation of the form V(A) = v(l) if A = {I}, and

V(A) = fﬁ(zd)“ if A is not a singleton. In addition, in Gravel et al. (2007), there is a set of consequences,
X, and the agent’s preference relation is defined over the set of all finite subsets of X. The authors obtain
a representation, V(A) = W7 where u is a utility function on X and |A| denotes the cardinality of
A. Dividing }_,. 4 u(a) by the cardinality of A can yield the interpretation that the agent believes that
each element of A has the same probability of occurring. Hence, this representation is called the Uniform

Expected Utility.

Within Group A, there is a stream of models that, as with Hurwicz’s a-criterion,! develop the idea of
evaluating sets by taking only their best and worst outcomes into consideration.? The assumptions used in
Lemma 3.1 imply an alternative representation that is in accordance with that idea. Given V', there is a
function o : F — (0, 1) such that

V(f) = a(f) - u(max f) + (1 = a(f)) - u(min f). (4)
1See Arrow and Hurwicz (1972), Hurwicz (1951), and Milnor (1954).
2See Arlegi (2003), Arlegi et al. (2005), Barbera et al. (1984), Barbera and Pattanaik (1984), Larbi et al. (2010), Bossert
(1989), Bossert et al. (1994), Bossert et al. (2000), Dutta and Sen (1996), Nehring and Puppe (1996), Olszewski (2007),
Pattanaik and Xu (1998), and Pattanaik and Xu (2000).
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By Assumption 3.4, u(min f) < V(f) < u(max f), and hence «(f) is defined as % In (4),
« can be interpreted as a probability measure on X, which assigns weights «(f) and 1 — a(f) to the best
and the worst consequence of f, respectively. This functional representation resembles the result obtained
by Ghirardato (2001). In his model, the state space, 2, is fixed, and the agent perceives acts as set-valued
functions. That is, f(w) is not required to be a singleton. In fact, (4) can be considered to be an extreme
version of Ghirardato (2001), in which the agent perceives no state space. The representation in (4) is not
appropriate for this paper, since it does not capture the agent’s perception of alternatives. Recall that X
represents all outcomes that are deemed possible by the agent when she chooses f. For that reason, I focus
this paper on the probability measures with support X;. In (4), however, the support of « is not Xy but,

rather, {max f, min f}.

In Group B, we look to the literature on “preference for flexibility” that begins with Kreps (1979)% and is
concerned with the agent who is not sure about her future preferences. This uncertainty is captured by a
state space, S, in which a state, s, represents a possible future preference relation over set X. My paper
implicitly assumes that the agent does not face uncertainty regarding her future self and consequently the
construction of state space differs from the construction proposed in Kreps (1979). In Kreps (1979), the agent
evaluates a subset of X, A, by V(A) = > _gmax,cau(s,z), where u(s,z) is an ex-post, state-dependent
utility function. In my paper, however, a menu is evaluated by its subjective expected utility, and utility
over X is state independent. Kreps (1992) reinterprets the original “preference for flexibility” model as
representing the agent who faces unforseen contingencies—that is, the agent who is unable to account for all
possible future uncertainties. In my paper, however, the model does not represent the agent who does not
have a complete picture of uncertainty but, rather, the researcher who does not know which uncertainties

the agent takes into account.

6 Final remarks

In this paper, I consider the problem of the researcher who seeks to SEU-rationalize the agent’s behavior.
The researcher starts with the set of alternatives, the set of consequences, and the preference relation. He
builds a state space and belief over that state space such that the agent’s choices appear to be in accordance
with the SEU theory. Of course, not knowing the agent’s state space is only one of several problems that

the researcher may face.

To make the discussion more precise, let (F,Q, X, P) be called a model. As previously noted, F, Q, and X
denote the set of alternatives, the state space, and the set of consequences, respectively. Recall that elements

of the set of alternatives are just labels. P translates these labels into meaningful objects. If the state space

3See also Barbera and Grodal (2011), Chatterjee and Krishna (2011), Dekel et al. (2001), Dekel et al. (2007), Epstein et al.
(2007), Epstein and Seo (2009), Nehring (1999), Ozdenoren (2002), Sadowski (2010), Sagi (2006), and Sarver (2008).
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is assumed, then P translates alternatives into acts (i.e., the functions from Q to X)—that is, P : F — X%,
If, as in this paper, the state space is the empty set, then P translates the alternatives into the subsets of
X—that is, P : F — 2%,

Next fix an agent who analyzes some problem and let (F4,0Q4, X4, P4) be her model. There also is a
researcher who analyzes the agent, and his model is (F%, QF, X® PT). In general, the models of the agent
and the researcher can differ. If this is the case, the researcher faces the risk of drawing incorrect conclusions.
Since a model consists of four elements, there are four possible differences between the agent’s and researcher’s

models which I discuss below.

1. First, it is possible that the set of alternatives that the agent considers is not the same as the researcher’s
understanding of what the set of alternatives is—that is, F4 # F®. This problem is not specific to the
choice theory under uncertainty but rather belongs to the literature on choice theory under certainty. In
the case of F4 C FF, this issue is analyzed by Masatlioglu et al. (2011), but analysis of the opposite

case, F' ¢ F4, remains an open problem.

2. Second, the agent’s state space might differ from the researcher’s state space—that is, Q4 # Qf. In
general, the researcher’s data set is not equipped with the agent’s state space. If the researcher chooses
to use a state space in his analysis, he must assume some specific state space, thereby, and risks making
an incorrect assumption. Constructing a state space is not a trivial task, since there generally is no
obvious way to approach this issue. Moreover, even if the problem appears to be simple, there could be
more than one way to construct a reasonable state space. In the business literature, there is a concept
of “scenario planning” (see Schoemaker (1995)) that, essentially, attempts to create a tool that helps
managers construct states. But even this method does not guarantee that two different managers would

come up with the same, or similar, state spaces.

3. Third, the agent and researcher might consider distinct sets of consequences—that is, X4 # X This
problem is similar to the agent and researcher having different state spaces, in the sense that both the
state space and the set of consequences are unobservable elements of the agent’s decision-making process.

The analysis of this issue remains an open problem.

4. Fourth, the agent’s translation of alternatives into acts, or subsets of X, might differ from how the
researcher perceives the alternatives—that is, P4 # PE. Suppose, for simplicity, that the agent and
researcher share the same state space, (2, and the same set of consequences, X. It is possible that a given
alternative, f, need not mean the same thing to both the agent and the researcher. In other words, there
could be a state, w, in which the consequence of choosing f at that state, f(w), is 1 in the eyes of the
agent and x5 in the eyes of the researcher, with x; # x5. However, this issue belongs to the literature on

choice theory under certainty and remains an open problem.
In this paper, I presume that F4 = FE X4 = XB and P4 = PE. 1 begin with Qf = §, in order to

17



derive a state space, {2, and a belief, A\, that SEU-rationalize the agent’s behavior. It also is possible that
the researcher begins with some specific state space, Qf # (), and ponders whether it is possible to enlarge
or reduce such a state space in order to SEU-rationalize the agent’s behavior. This also remains an open

problem.

Appendix

Proof of Lemma 3.1

As already explained, Assumptions 3.2 and 3.3 guarantee the existence of continuous and bounded V and wu.
However, it remains to be proven that (a) for each alternative there exists a probability measure, \f, with
support Xy and (b) that V(f) = [ u(z)d)s.

Let P(X) denote the collection of probability measures on X that are Borel for uncountable X. Fix f and let
P;(X) be a subset of P(X) that consists of probability measures on X with support X ;. For countable X,
the non-emptiness of P;(X) is obvious. For uncountable X s, the non-emptiness is guaranteed by Assumption
3.1. Let ¥ : P(X) — R be the integral function W(\) := [, ud\. The remaining part of proof shows that
for a given f there exists Ay € Py(X) such that U(Af) = V(f).

Consider an alternative, f, such that max f ~ min f. However, Assumption 3.4 does not apply to such
an f, since the agent is indifferent among the elements of X; and consequently u is constant over X¢, so
any Ay with support Xy would do the job. Hence, consider an act, f, such that max f > min f. The
idea of the proof is to find two probability measures, A; and A2, that both belonging to Pr(X) such that
1 =T(\) < V(f) < ¥(A\1) = ca. With ¢; and ¢y in hand, it is possible to find the unique « such that
acy + (1 — a)eg = V(f). With this «, the desired Ay is defined as Ay = aX; + (1 — a)Aq.

It remains to be proven that, for a given f, such probability measures, A1 and Ao, indeed exist. Note that
due to Assumption 3.4, ¥ (0min f) < V(f) < ¥(dmax f), where ¢, is a degenerate probability measure with
mass 1 at . One way to show that there always is A\; such that U(\;) < V(f) involves proving that there
is a sequence of probability measures, {A]}, such that each A} € Py(X) and U(A}) — ¥(Omin ). Existence
of such a sequence guarantees that there is some N such that ¥(dmin ) < Y(AY) < U(f). Such a AY
then becomes the desired \;. Since the existence of Ay is proven in the same way, I focus on A;. Consider a

"

countable X . I construct {7} in the following way. Let A7 (min f) = 1—+ and let D zex \{min £} A1 (@) = 1

If X is finite with cardinality K, then let A} (z) = ﬁ for z € Xy \ {min f}. If X, is infinite, then
let Xy = {z,x0,21,...}, where x = min f. For z,,, define \}(z,,) = i . 21 Note that > > AT (zn)

is a convergent geometric series such that »°_ ﬁ . 2% = % With {A7} in hand, it is then possible to
compute W(A}) = (3¢ x, u(x)A} (2) and observe that the sum converges, as desired, to W(dmin ) as n goes

to infinity. Finally, consider an uncountable X¢. As already noted, the fact that X is separable and X/ is a
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closed subset of X implies the existence of probability measure A ¢ on X with the support X;. Let AT be a
weighted measure that assigns % to 5\f and 1 — % t0 Omin s. Each AT has support X; and U(A}) — ¥(Smin f)

when n — co. W

Proof of Proposition 4.1

By the Axiom of Choice, for an arbitrary F, there exists Q := X ;c#X;. An alternative, f, is transformed
into an act by defining f : Q@ — X as a projection function. As such, function f is measurable. Let 7 be a
finite nonempty subset of F. Let ), := X ¢c.Xs. Let A, be the probability measure on ), constructed as a
product of measures {\y}. By Proposition V.1.2 in Neveu (1965), there exists the unique probability measure,
A, on € that agrees with each A\, on cylinders. Hence, there is a state space, €2, with associated probability, A.
The final step requires establishing that V'(f) from Lemma 3.1 is equal to [, u(f(w))d\. Let Q_¢ denote the
product X j z (1 Xy. Note that Q@ = Q_; x X. By construction of A, fQ_fof u(f(w))dr = fo u(x)dAy.
|
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