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Abstract

We consider a class of models which share with the Pilipovié¢’s model
of electricity prices the property of having a hidden stochastic drift. We
show that under certain assumptions, the model parameters can be esti-
mated using the method of moments. The ergodic properties of the model
allow us to introduce an important condition derived from actual market
operations: price caps.
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1 Introduction

Energy prices have proved to be very difficult to model. There are several reason
for this. For example, observed price series not only have high variations within
the same day, but also show high regional variations within relatively small
geographical areas. Prices also exhibit extreme spikes, which are not consistent
with the usual modeling via diffusion processes. Another of the problem is that
energy prices exhibit significantly greater volatility than in other markets, such
as those for stocks or bonds. It is even possible for prices to be zero or negative
at times, although this is very rare.

One important characteristic of energy prices is their tendency to revert to
a mean level within a time scale of days, or at most weeks. In 1998 Pilipovié
introduced a model that accounts for at least some of the economics of electricity
pricing (see [Pil98]). It is written as follows

dS’t :p(Lt — St) dt + O'St dBt
st :/LLt dt + I/Lt th ’
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Here, S; refers to the spot price, whereas L; is an unobserved variable which
represents a long-term (stochastic) equilibrium price. The By, W; terms denote
independent Brownian motions. The equilibrium price L; satisfies a geometric
Brownian motion (exponential growth subject to noise), with p its growth rate
and v its volatility. The process S; reverts to the level L; at the rate p, with
volatility o.

Other diffusion-based models for electricity prices include those by Lucia and
Schwartz (2002) (see [LS02]) and Barlow (2002) (see [Bar02]). See also [LLSW]
where the authors review one-factor, two-factors and three-factors models.

Another behaviour exhibited by some energy markets is the existence of price
caps. These are limits on prices introduced by electricity market regulators,
which modify the “real” price arising from the clearing process to a maximum
allowed price, whenever the clearing price is higher than the allowed maximum.

Using Pilipovi¢’s model as an example, what this means is that instead of
observing S;, what we really observe is min(S;, Smax ). Smaz 18 the cap imposed
by regulatory authorities. The problem in this case is that the mean price
grows exponentially fast. Therefore, as time evolves, the cap is in effect for
longer periods of time. In other words, Pilipovi¢’s model is not consistent with
the existence of a price cap. For such a model, the cap should be expressed in
terms of quantiles of the price distribution, as opposed to being fixed.

It is not our main goal to propose a new model that improves the existing
ones, but instead to study the ergodic properties of a model which is consistent
with the existence of a price cap in the market. In in this paper we consider
a class of models which share with Pilipovi¢’s model the property of having a
hidden stochastic equilibrium state. Under certain assumptions, the model is
stationary, and its parameters can be estimated using the method of moments.
The ergodic properties of that model allow us to introduce a price cap.

More precisely, we consider the stochastic processes introduced in [Sau01]
and defined as the solution to the following equations:

dY, =p(V; — Yy)dt + o dB,
vy =b(Vy; 0)dt + a(Vy; 0) dW; 5,
X =min(Y;, M)

where p,0 > 0, 6 is a vector of parameters of the non-observable process, B
and W are a two independent standard Brownian motions, and M is a known
constant. We interpret Y; and M as the logarithm of the spot price and the cap
respectively (that is, Y; = InS; and M = In Sphax). As in Pilipovié’s model, V;
represents a stochastic equilibrium (log)-price.

We want to point out that Pilipovi¢’s model and the model proposed here
should be fairly similar over not too long periods of time. For long periods
of time, the behavior of both models is very different. This is due to the fact
mentioned before that Pilipovi¢’s model grows in time, while one important
feature of our model is its stationarity. Pilipovié¢’s model is an inflationary
model, better suited for modeling prices quoted in nominal terms. Our model
is more appropriate for prices already corrected for inflation.



Another observation is that, in contrast to what occurs with the prices of
natural gas, the existence of a cap should nor affect the model for the log-
price Y. The reason for this is that electricity prices are set by an auction
mechanism. The quoted price depends on the demand at any time, and the
maximum amongst the costs given by all the suppliers: hydro plants, nuclear
plants, natural gas plants, etc. Finally, through a rebate process, the effective
price is a function of the mean generation cost, instead of the maximum. This
mechanism makes the behavior of the “uncapped price” independent of the value
of the cap.

The main goal of this paper is to use the Ergodic Theorem to justify the
Method of Moments for the estimation of the parameters. The general idea
is to assume stationary and ergodic properties for the hidden process V, and
from those to induce the ergodic properties of Y first, and of the observable
process X afterward. Once we have established the ergodicity of Y and X, the
next practical problem for estimation purposes is to compute explicitly their
moments.

Since V' is a one-dimensional diffusion, its ergodic properties have been well
studied. Moreover, for some particular choices of its drift and volatility, the
moments can be found explicitly. It is easy to show that X is ergodic if YV
is. Hence, the difficult problems are to obtain the ergodicity of Y from the
ergodicity of V', and to compute the moments of ¥ once we know the moments
of V. We were able to solve both problems by a discretization, followed by
suitable passages to the limit.

In [GCJLO0] the ergodic properties of models of the form:

dY; =u(o?)dt + oy dB;
d(o?) =b(c?) dt + a(o?) dW;

are studied. Here i, a and b are real functions satisfying some technical condi-
tions. For example, the choice p(v) = (m—%), a(v) = vy/v, and b(v) = a(f—v),
is the celebrated Heston model (see [Hes93]). Defining a convenient Hidden
Markov Model (see Appendix A), the authors show that if o2 is ergodic, then
the difference process Z,, = Y(,,4-1)n — Ynn is ergodic for a discretization of any
step size h.

In [Sau01] the same model we are considering here was introduced, except
for the price cap. Using similar ideas as in [GCJLO00], the author also showed
that the discrete process

Zn =Yiinn — e "Yoan

is ergodic for any step size h. Our idea was then to take the limit as h — 0 to
obtain the ergodicity of the continuous-time process Y. A very similar passage
to the limit has been done before in [GIY04] for regime switching models, which
are slightly simpler.

Finally, we realized that taking the limit h — oo instead, the exact moments
of Y can be obtained from the exact moments of Z, which in turn can be



computed from the moments of V. We would like to point out that taking the
limit h — oo is a rather unusual direction to take, but it yields useful results.

In Section 2 we define the model without the cap, and describe all the
technical conditions we are going to assume through the paper. In Section 3 we
establish the ergodicity not only of Z, but also of any discretization (Y,p)nen of
Y. In that same section we also obtain some explicit bounds for the moments
that will be needed later. In Section 4 we make h — 0 and obtain the ergodicity
of the continuous-time process Y. In Section 5 we show how making h — oo
we can obtain the moments and auto-covariance of Y if we know those for Z.
In Section 6 we introduce some explicit forms for the drift and volatility of
V' and compute the moments of Y explicitly in those examples. In Section 7
we introduce the price cap and explain how to use the Method of Moments to
construct estimators. In Section 8 we give some numerical examples through
simulations. Finally, in Appendix A we recall the definitions and properties of
mixing coefficients and Hidden Markov Models (HMM).

2 A Stochastic Drift Model

Let (Q, F, (Fi)icr+,P) be a stochastic basis satisfying the usual hypotheses that
supports a standard two-dimensional Brownian motion (B, Wy)ier+-

Let p,0 > 0 be two constants, and § € © C RP be a vector of real parameters,
for some p € R. Consider also an interval (I,r) with —co <1 < r < oo, and two
functions a,b : (I,7) x © — R satisfying the following assumption

Assumption 1. For every 0 € O fized, the functions a(-;0) and b(-;0) are twice
continuously differentiable, and there exist constants q > %, Ky > 1 such that:

|a(u; 0) — a(v; 0)] < Kplu — v|? Yu,v € (I,71),
|b(w; 0) — b(v; 0)| < Kg|u — v Yu,v € (I,r),
and a®(u;0) + b (u;0) < Kp(1 + u?) Yu € (1,r).

Given two Fyp-measurable random variables Yy and V{, both independent of
(B, W), define the process (Y, V) = (Y3, Vi);er+ as the solution of the stochastic
differential equation
dYy =p(V; — Y;)dt + o dB; 1)
dV, =b(Vy; 0)dt + a(Vy;0) dW, | -

Assumption 1 ensures the existence and uniqueness of such a solution. Notice
that for the volatility, we need the Holder condition instead of the Lipschitz
condition. This will allow us to consider cases as the CIR-drift model (see
Section 6) via the Yamada-Watanabe Theorem. For all the above mentioned
existence and uniqueness results we refer to [RW00].

Furthermore, we will make the following two assumptions.



Assumption 2. For a fized vy € (I,7), consider the function

s(v) = exp <— 2/v (11)2(83) du)

defined for allv € R. We assume that [" s(u)du = [, s(u)du = oo, and that
— (" du
M= ﬁ a2(u)s(u) < o0.

Assumption 3. Vp has distribution 7(u) du, where 7(u) = ml(m) (w).
The following result can be found in [GCJLO00].

Proposition 2.1. Under Assumptions 1-3, the process V is strictly stationary
and time reversible. Furthermore, the continuous-time process (V;)ier+ and any
of its discrete-time samplings (Vn)nen are f-mizing, and hence also a-mizing
and ergodic.

We need to make another two assumptions in order to obtain the ergodicity
of the process Y.

Assumption 4. For some p > 1 we have that E|Vp|P < oo.

We will see in Section 4 that the previous four assumptions implies the
existence of a unique stationary distribution for the process Y. With that in
mind, our last assumption makes sense.

Assumption 5. Y, follows the unique stationary distribution implied by the
model (1) under Assumptions 1-4

We will see in Theorem 4.2, the main result of this paper, that under As-
sumptions 1-5 the observable process Y is strictly stationary and ergodic.

3 The discretized Model

If Assumptions 1-4 hold, then there exits a constant § such that EV; = ( for
every t > 0. From now on we will denote:

Yy =Y, — B, and v =V, — .

It is easy to verify that Assumptions 1-4 hold for the processes V' = (V;);>¢ if
and only if they hold for the process v = (v;)¢>0.

Proposition 3.1. Fiz h > 0. For any t > 0 we can write:

Yirn =€ Py + Zt(h)7 (2)
ith 2™ = (h) + T(h)e™ 3
wi o = pe(h) +T(h)&™, (3)



where

h
pe(h) = eiph/ pe’ vy du, (4)
0
P2(h) = L (1 - =20 )
= 2p e 5

and €M ~ N(0,1).

Moreover, if we define G, = o(Vs;s < t) = o(vs;s < t) C Fy, then w(h) is
Giyn-measurable, f,gh) is independent of G = (Gy)u>0, and §§h) is independent
of €M whenever |t — s| > h. Notice also that EZt(h) =Eu:(h) =0.

Proof. Applying 1t6’s Lemma to e?*(Y; — 3) we obtain
t+h
Yern = e Py, + / eiﬂ(Hh*S)[p(VS — fB)ds + o dBy].
t
Hence we have (2) where

t+h t+h
Zt(h) :/ pe—p(t—i-h—s)vs ds—l—/ ge—Pt+h—s) dB;.
t t

The first integral is just (4) after a change of variable. The second integral is a
Gaussian random variable with variance

t+h
/ o2e2Pt+h=5) 4s — T2(hp).
t

so it can be written as F(h)ft(h) with g,ﬁh’ ~ N(0,1). Notice that since the Brow-

nian B is independent of V', and hence of G, we have that §§h) is independent
of G. Also, since B has independent increments, two integrals with respect to

dB are independents if the integration intervals do not overlap. Therefore §§h)

is independent of £{") whenever [t —s| > h.
Finally, Ep.(h) = 0 since Ev, = E(V; — 8) = 0 for every t. O

If for a fixed h > 0 we define the two discrete-time processes ¥ = (Y4 )nen
and z(M = (Z,(L};?)neN; then (2) can be rewritten as

yi=e My 420 men, (6)
with 20 = ., (h) + T(h)E,. (7)

Here (&,)nen is an i.i.d. sequence of standard Gaussian random variables, each
independent of the sequence (tnp(h))nen-

We are interested in the ergodic properties of the discrete-time processes
y"™ defined by this equation and the initial state y,(lh) = yo. The first step is to
establish the ergodic properties of z(". The following result is due to [Sau01].
We repeat the proof here for the sake of completeness, and also because our

notation is very different.



Theorem 3.2. The process z\") is a HMM (see Appendiz A) with hidden chain
Uh) = (Uy(bh))neN which takes values on R2, defined by U™ = (tinn (), Vinsyn)-
Proof. Denote U,, = U,(Lh) and z, = z,&h) to simplify the notation. Denote by
Cr(]0, h]) the space of all the continuous functions ¢ : [0, h] — R endowed with
the topology of uniform convergence. If we define the process S = (S, )nen With
values on Cg ([0, h]) as Sy, = (Vah4u)uelo,n], and the function F : Cg([0, 2]) — R?

Fi©) = (¢ [ per e - auem)

then U,, = F(S,,). The strict stationarity of V' implies that of S, and since F is
continuous, then U is also strictly stationary.

Next, for any bounded Borel-measurable function ¢ : R?> — R define the op-
erator Tp(z) = E[p(Up)|Vo = z]. Using the strict stationarity and the Markov
property for V' we can verify that

Elp(Un)|Us, -, Un-1] = E[ELp(Un)[Gun] [V, -, Un-1
:E[}E[w(Un)th](Uo,...,UH} = E[To(Von)|Uo; - -, Un—1]
=E[To(Vin)|Un—1] = To(Ven).-

This shows that
Elp(Un)|Uo, - .., Un—1] = E[p(Un)|Un-1] = To(Van), (8)

and therefore U is a Markov process.
Finally, using Proposition 3.1 we have that for any real numbers cg, ..., c,

n n
E{exp ( Zickzk) ‘Uo, ceey Un} = E{E[exp (Zickzk) |Q(n+1)h] ‘Uo, ceey Un}
k=0 k=0

- 1
=E[l£loexp (ickpun (k) = 5eRT?(h) Vo, ..., U]

- 1
= [ exp (ickpmen(h) — 5ciﬁ(h)).
k=0

This provides all the conditions needed by the definition of an HMM. O

Lemma 3.3. We have that ¢y (n) < ey ((n—1)h) for c =, B or p. Hence,
if (Viun)nen is c-mizing, then U™ is also c-mizing.

Proof. We are going to exploit the fact that, from the previous proof, we have
U = F(Sy), where S,y = (Vingu)uejo,n) and F' is some continuous function.
Then

ey (n) = e(o(UM),a(UM)) = e(a(F(So)), o (F(S,)))
< C(J(VS; S c

and the proof is complete. O



By Proposition 2.1 and the previous lemma, U is B-mixing, and hence
a-mixing and ergodic. Finally, applying Proposition A.2 we get

Theorem 3.4. 2" is a strictly stationary a-mizing process, and hence ergodic.
Moreover, if V' is p-mizing, so is z(".

Once we have the strict stationarity and the ergodicity of z("), the next
result is only a rephrase of Theorem 1 in [Bra86b] with our present notation.

We need first to extend by stationarity the process (zgh))neN ton €Z.

Theorem 3.5. Fiz h > 0 and consider the equation
Tni1 = e PP, + 2W n € Z. (9)
If for any h > 0 the following condition holds
E max(0,1n |z{"]) < oo (10)

then the only stationary solution of (9) is
Ze_(k Dph (h)k n € Z, (11)

where the sum on the right-hand side converges absolutely a.s. Furthermore,
denote by 7 the distribution law of this stationary solution, and let & be any
Fo-measurable random variable. Then the solution of (9) forn € N and yo = £
satisfies

L. _(n)

Tp — T as n — oQ.

Comparing (9) with (6) we obtain as a corollary the most important result
of this section.

Theorem 3.6. If for any given h > 0 condition (10) holds, then there exist a
unique distribution law ™ such that for any Fo-measurable random variable
Yo, the discrete-time process y™ defined by (6) satisfies:

yh £ 7™ as n — oo. (12)
Moreover, if we take yo ~ 7™, then y™ is strictly stationary.

The following proposition shows that taking into account Assumption 4,
condition (10) automatically holds. It also gives us a uniform limit condition
when h — 0 that we will need in the next section.

Proposition 3.7. If Assumptions 1-4 hold, then
(2) for any h > 0 condition (10) holds, and
(22) for any x > 0 we have the following limit uniformly in s > 0:

lim P[|Z{"| > 2] = 0.
h—0



The proof will make use of the following lemma, that bounds the moments
of p;(h) from the bounds of the moments of the process V.

Lemma 3.8. Let p(h) be defined as in (4). If Assumptions 1-4 hold, then for
any 1 <r < p we have that

Elu(h)" < (1— e ") Bluo|” < Eluol’ <00 Vt,h <0,
Proof. Define the measure 1 on R as

pe—p(h—U)

n(du) = 1[0’]1] (U)W du.

Then N
T e T (O )
0 R

and clearly [ 7(ds) = 1. By Jensen’s inequality
| [oesntdn] < [ ol atau)
R R

The stationarity of v implies that E|vs|” = E|uvg|” for all s € R*, hence

. h
Bl = (L= e E| [ wnundn)| <=y [ o n(du
R 0

= (1= P Blul” [ afd) = (1= ) Ejuol” < EluoP.
R
Minkowski’s inequality then finishes the proof:
1 1 1
(Efvol”)> = (E[Vo = B]")> < (E[Vol")> +[B] < oo,

due to Assumption 4. O
Proof of Proposition 8.7. Using Minkowski’s inequality and the previous Lemma

r h)jry =
< (Blue(n)|")" + (BIT(n)E"")

1

(1= e")(Blool") " + T (k) (EI&"™|")

1 1
T T

(ElZM]")

1
=

IN

Since limp_,o I'(h) = 0, this clearly implies that limp_,o E|Z§h) |” = 0 uniformly
in s > 0. From Markov’s inequality, condition (ii) follows immediately. Also

1 2 T
E|ZM < [(Elol") ™ + %Kr} < o0,

1

where K, = (E|§,§h)|r) " is a constant. Since max(0,In|z|) < |z|, then
E(in|2§"])* <E|z"| = E|Z("| < oc.

and condition (i) follows. O



Corollary 3.9. For any r such that 1 < r < p there exist a constant c, that
does not depend on h or t such that

ElZM|" < <00 WER E>O0.

4 Ergodicity of the continuous-time process Y

The idea now is to take the limit as h — 0 in Theorem 3.6, with the goal
of obtaining the ergodicity of the continuous-time version of the process Y,
or equivalently, the process y = Y — . The proof of the following Theorem
is heavily inspired on the results found in [GIY04]. We only needed a few
refinements in order to adapt it to our present case.

Theorem 4.1. If Assumptions 1-4 hold, then there exists a unique probabil-
ity measure wy in R such that if yo ~ my, then the continuous-time process
(yt)ier+ and any of its discrete-time samplings (Ynh)nen are strictly stationary
and ergodic.

Proof. First notice that we can make use of (i) and (ii) from Proposition 3.7. Let
Yo be any Fy-measurable random variable. Consider m,m’ € N such that m <
m'. If h=2"™ and h’ = 2=™, then the sequence (Ynh)nen is embedded in the
sequence (Ynp )nen. Using (i) and Theorem 3.6 we have that the corresponding
stationary laws have to be the same, that is, a) = g, Therefore, we can
denote by 7y the common limit distribution for every h of the form h = 27™.

Fix € > 0, and choose K. such that mo[|z| > K.] < 5. Let s > 0 and h > 0.
From (2) we have that

Ys+h — Ys = (eiph - l)ys + Zgh)
Then

Pllys+n — ys| = € SP“(e_Ph —1)ys| > g} +[p>“z§h)’ >

=Plue| 2 g y) + 2 (12" 2

}
}

Using that (e=?" —1) — 0 as h — 0 and condition (ii), we can choose A = 27
independently of s such that

<
2
<
2

Pllystn — ys| > €] < Pllys| > K] +§ Vh < A (13)

Now, for any ¢ > 0 denote by sa(t) the largest multiple of A smaller than ¢.
Then sa(t) <t <sa(t)+ A and h =t —sa(t) < A. By (13)

€
Pllyn — ysap)l > €] < B +P[|ysan| > K.
Making ¢ — oo and using (12) we obtain

. 3 €
limsup P[lys — ys.0)] > €] < 5 +moflz] > K] < -
t—oo 2 2

10



The next part of the proof follows exactly as in [GIY04]. Let C(my) be the
sets of continuity points of the distribution function Fy(x) = mo[(—o0, z]]. Let
z € C(mp) and choose € > 0 such that z + ¢ € C(m). Since

Plyn < 2] <Plysor) <z + el +Pllyn — Ysan)| > €l
and ]P[ySA(t) <z — 5} SP[yh < x] + ]P)Hyh - ySA(t)| 2 6]'
then

Fo(x—e)—e < litm inf Plyp, < 2] <limsupPlyy, < 2] < Fy(z +¢) +&.
—o0 t—o00
Letting ¢ — 0 (with z £ e € C(m), which is possible since C(m) is dense and
the complement of a countable set), we obtain

thm P[yh < 1‘] = FQ($) Vx € O(?T()).

Hence for any yy we have shown that yy, £, Q-

Finally, making yo ~ mp and using the strict stationarity of (ynp)nen for
every h > 0, it is easy to verify the strict stationarity of (y:);er+. Since the
stationary distribution is unique, the ergodic decomposition theorem by Krylov
and Bogolioubov (see [KB37], and [Kal97] for a modern proof) implies the er-
godicity of y. O

Combining the previous theorem with Assumption 5, we obtain the main
result of this paper.

Theorem 4.2. If Assumptions 1-5 hold, then both components V andY of the
model defined by model (1) are strictly stationary and ergodic.

5 Exact moments of the stationary model

From this point on we are going to suppose without mention that all Assump-
tions 1-5 hold, and hence the observable component Y of the model is strictly
stationary and ergodic.

For estimation purposes, we need to compute the moments of the observable
component Y exactly. The following result allows us to do that if we know how
to compute the moments of z(" = (zgh))nez = (Zr(f}?)nez exactly for any h > 0.
The trick is to take the limit as h — oo and to exploit the stationarity of Y.
Note also that stationarity implies that the relations hold for any ¢t € R™.

Theorem 5.1. Assume that 1 < r < p. Then E|Y}|” < oo for all t € RT.
Moreover, if k is an integer such that 1 < k < p, then

- . k
Eyf =E(Y; - B)" = hh_)rr;oE[z(()h)] . (14)

Furthermore, if p > 2 then for any h > 0 we have that

Elyoyn] = E[(Yo — 8)(Ys — )] = e "By + Y e ?F=VRE[{M ], (15)
k=1

11



Proof. The first step is to make sure that if the p-moment of V exists (As-
sumption 4), then all the moments up to p of y also exist. Fix any h > 0 (for

example, take h = 1). From (11) we have that yo = > p e~ (F=Drhy ( ) Using
the triangular inequality and Corollary 3.9 we have that

o0 o0
(E|y0‘r)% < (Ele~ (h=1)ph % Z (k— 1)ph % < 0.
k=1 =1

The stationarity of y implies that E|y;|” = E|yo|" < co for every t € R™.
If k£ is an integer such that 1 < k < r, then

k _ k
E[2§"]" = E[yn — e ""y0)
= _ _ .
=y + Y (i)E[(yh)k’(e”hyo)l] +E[eyo]". (16)
i=1
Fix 1 <i <k —1, and define p = - and ¢ = %. Then by Holder’s inequality

. . . . . 1 .1
‘E[(yh)kfzefphyo)z} ‘k71|efphy0|z] < [E|yh|(k71)p] P []E|€7phy0|zq] a

<E[|yn
—e=P"% [Elyo[F]? [Elyo|*] " = e~ Elyo|* — 0

as h — oo. Finally, taking the limit in (16) we obtain (14).

For the auto-covariance, we can multiply the relation y;, = e Py + zéh) by
yo and take expectations to get

Elyoyn] = e ""Ey2 + E[yoz(() )].

From (11) we have that yo = > po, e~ (k= Drhy ( ) Then

Bluosf?) = 3 et IE[:00).
k=1

By the strict stationarity of z(*) we have that ]E[z(_hk)zéh)] = ]E[zéh)z,(ch)]. If
p > 2, then Corollary 3.9 implies that

2E 25" 2| <E|" " +E|2M | < 26,

and hence the series converges absolutely. O

6 Exact moments in some examples

In order to compute the first few moments of Y exactly, we need first to specify
the drift a and volatility b of V' in (1). From now on we will work with the
following model:

dYy =p(Vy — Yy)dt + 0d B, } a7

dV; =a(B — V)dt + vV dW,

12



2
v

where «, 3,v > 0. In what follows we will denote x = 3.

Specifically, we consider the cases A = 0, %, 1.

When A = 0 the V process in (17) is the Ornstein-Uhlenbeck process. We
shall refer to it as the OU-drift model. The OU-drift model satisfies Assump-
tions 1-3 with (I,7) = (—00,400), and in that case, the stationary distribution
for V is Gaussian with parameters (8, k).

We refer to the case A = % as the CIR-drift model (after [JCR85]). The
CIR~drift model satisfies Assumptions 1-3 with (I,r) = (0,+00) if 8 > k. The
stationary distribution for V' is a Gamma with parameters (g, %), which has
finite moments of any order.

The case A =1 is the GARCH-drift model (as in this case V is the diffusion
approximation of a GARCH process, see [Nel90]). The GARCH-drift model
satisfies Assumptions 1-3 with (I,7) = (0, +00), and the stationary distribution
for V' is an Inverse Gamma with parameters (1 + %, %) The moments of order
p are finite if p < 1+ %

For the details of the distributions of the CIR-drift and GARCH-drift pro-
cesses, see [GCJLO0] (pp. 1072-1073). In Appendix B we give explicit expres-
sions for the moments and auto-covariances of the hidden process V.

It is clear then that once the stationarity Assumption 3 is satisfied, then also
Assumption 4 holds for any p > 1 in the cases A = 0, % In the case A = 1 we
have that Assumption 4 holds for p = 3 if we assume that £ < % Proposition 3.7
and Theorem 4.1 then allows us to also have Assumption 5. From now on, we
are going to suppose that Assumptions 1-5 are all satisfied.

In Lemma B.2 it is shown that EV; = 3, hence we can keep the notation
from Section 3

yr =Y, — B, and v, =V, —f.

Theorem 6.1. If a # p, then moments of y are given by the following formulas:

Ey, =0,

o2 M,
Ey?2 =— + —=
yt 2p+1+g7

P
M;3

Byp = 8
Yt T+2)(+e)

2 M. M.
and E[yoyh] :(i + 2 )eiph + 1_7(2)2
P

—ah _ o=rh Vh > 0.
TR % (e e ), >

Proof. In view of Theorem 5.1 we first need to compute the moments of z(").

By Proposition (7) zt(h) is conditionally Gaussian, hence

Elz"] =Eluo(h)), (18)
E["])* =E[uo(h))? +T2(h), (19)
and  E[25"]® =E[uo(h)]® + 3E[uo(h)T%(h) (20)
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Denote i, = limp_, o0 E[pg(h)]™ for m € N. Clearly i = 1. For m > 1 we
can use (4) to get

h m
i, = lim E(e"’h/ pelug ds) .
h—oo 0

Using the following identity

/f ds —m'// /f51 F(sm) dsy - dspm,

which can be easily proved by induction, yields

im = mlp™ lim e~ m"h// / Pttt )Ry, g, Tdst e ds.

In particular, we are now going to show that

M ) M;

=1, i1=0, =, d =,
10 11 12 (1 n %) arn 13 (1 n %) (1 I %)

where My and Mj3 are as in Lemma B.2. Making use of Lemmas B.2 and B.4
we have that

h
i1 = P lim e ph/ e’ Elvs,|ds; =0
0

h—o0

since E[vgs,] = M7y = 0. For m = 2 we have
= 21p? hm e 2ph/ / eP1+ 2Ry, vy, ] dsdss

=2p*M, hlim e ZPh/ / plsitsa) g—alsa—s1) g dg,

- 2p2M2
(p+a)2p

And for m = 3 we have

3 = 3lp? hm e Sph/ / / e”(él+52+33)E[vsle2v53]d31d82d53

= 6p3Ms hlim e_3f’h/ / / eP(s1F52+83) o—alss=s1) go. dsodss

_ 6p° M3
(p+a)(2p+a)3p

A little algebra yields the desired expressions. Then, using Theorem 5.1, equa-
2

tions (18)-(20), the fact that limy,_., [%(h) = 5, and substituting the expres-

sions for iy and i3 we obtain the first three moments of y.
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For the auto-correlation, we are going to use (15). Let k > 1, then by (7) we
have that E[zéh)z,(ch)] = E[po(h)prn(h)]. Then, by (4) and Lemma B.4 we have

that

E[Mo(h)ukh(h)] Z]E{(@_ph /h peug dS) X (e_ph /h pe’* Vin s ds)]

0 0
h h
—2ph 2
=e “p / / eP(Sﬁ”)E[vslkasZ] dsi1dss
0 0
h h
:672php2/ / ep(sl+52)6foc(kh+527sl)M2 dsydss
0 0

h h
_e—(2oh+akh) 2 / cPHS1 gs ! / (=52 g
0 0

—(2ph+akh) ,2
:e (2p )p M2 (6(p+a)h _ 1)(€(p_a)h - 1)

)

02 — a2
Then we can write E[zéh)z,(ﬂl)] = E[uo(h)uxn(h)] = n(h)e " where

n(h) = Mz (1- e_(p'm)h)(l — e_("_a)h).

a2

02

Finally, by (15) we have that

E[yOyh] = e_PhEyg + Z e_P(k—l)h[m(h) + n(h)e—kah]
k=1
—ah

— ,—pPh 2
= e P"EY} +n(h)1_6_(p+a)h.

Substituting the expressions of Ey2 and n(h) yields the desired result.

7 Price Cap and Estimation

O

Recall that Y; in the model (1) represents the logarithm of the electricity price
at time t. When a price cap of Snax is introduced, instead of Y; we observe
X = min(Y;, M), where M = In Spax is a known constant (see Figure 1 pp. 19).

Since fas(y) = min(y, M) is a continuous function, the ergodicity of Y triv-
ially implies the ergodicity of X. Hence, the following Theorem is really a

corollary of Theorem 4.2.
Theorem 7.1. Assume that the following model

dY; =p(Vy — Yy)dt + odB;
dVy =b(Vy; 0)dt + a(Vi; 0)dW,
X; =min(Yy, M)

15
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satisfies Assumptions 1-5. Then X is a strictly stationary and ergodic process.
Moreover, for any h > 0 the discrete-time sampling X" = (X, )nen is strictly
stationary and ergodic.

Remark 7.2. If we allow M to take the value 400, then X; = min(Y;, +00) =
Y;. Therefore, we can see Theorem 4.2 as a particular case of Theorem 7.1.

Assume that in the model (21) we observe a time discretization of (X;). That
is, for some fixed and known A > 0, we observe (X,a)nen. In the particular
case M = +o00, we observe a time discretization of Y. Our goal is to estimate
the vector of parameters (p,o,0) from those observations. Birkhoff’s Ergodic
Theorem (see for example [Kre85]) implies the following result.

Proposition 7.3. Assume that the model (21) satisfies Assumptions 1-5. If ¢ :
R? — R is a Borel-measurable functions such that E|o(Xo, ... ; Xa—1na)| < oo,
then as n — oo

n—1

]- a.s.

- Z o(Xias -y Xra—1a) — Ep(Xo, ..., X@-1)a)-
i=0

In practice, we will observe the process X for a long time and replace the limit
in the previous equation with a truncated average to produce the approximate
identity for N large:

N—

Z SD(XiAwHaX(i—Q—d—l)A) ~ ftp(pvoa 0) (22)
i=0

=

1

N
where f,(p,0,0) = Ep(Xo,..., X(@-1)a). The function f, can be evaluated
either numerically or analytically, depending on the model. The left hand side
of (22) is a number that can be computed explicitly from the data. The right
hand side is a function of the parameter values. Therefore, the above relation-
ship gives a nonlinear equation involving the vector of parameters. Repeating
the process for different choices of ¢ (in practice, usually polynomials) yields a
system of nonlinear equations, which can then be inverted to obtain estimates
D, Er,é of the true parameter values.

The estimation procedure described above is usually referred to as the
“Method of Moments”. In the computationally intensive case where f, needs
to be evaluated using Monte-Carlo simulation of the process with the given
parameter values it is referred to as the “Simulated Method of Moments”. In
order to understand better its performance, it is useful to study the error in
the approximate equation (22), particularly as it relates to the number of ob-
servations N. With additional assumptions on the mixing coefficients of X we
can use Ibaragimov’s Central Limit Theorem! (see [Ibr62] and [HH80]). Given
functions @1, ..., @p:

N1 [e1(Xin, s Xrda—1)a) = for (py0,0)
3 : £ N, (0,%). (23)
=0 @p(XiAa s aX('H»dfl)A) - .fcpp (pa g, 9)

==

IFor example, a sufficient conditions is that X is p-mixing (see Appendix A)
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That is, as N tends to infinity, the random vector consisting of the errors in (22)
multiplied by VN converges to a p-dimensional normal random variable with
mean 0 and variance-covariance matrix 3 € RP*P (the exact expression for ¥ is
rather complicated). The result therefore gives a (probabilistic) estimate on the
size of the error in the equation used for the method of moments estimate. Since
the error must be multiplied by v/N in order to produce a nontrivial limit, it is
common to say that the rate of convergence is O(1/v/N), or that the error “goes
down like 1/ V/N”. Nonetheless, we stress that, as is common in such problems,
we only have a probabilistic bound on the error.

In order to estimate the parameters using the Method of Moments, we need
as many integrable functions as the dimension of the parametric space, that is
dim(©) + 2. One method is to use Assumption 4 (E|V;|? < oo for some p > 1)
together with the following lemma.

Lemma 7.4. Suppose that ¢ is a Borel-measurable function ¢ : R* — R and
there exist a positive constants K and v such that 1 < r < p and

d—1
(50,51, sa )| S K (143 [sel”),
k=0

Then Elp(Xo, XA, ..., X@a—1)a)| < 00.

Proof. From Theorem 5.1, Corollary 3.9 and Assumption 4 we have that
E|Y;|" < ¢ < oco. Clearly, for any 0 < M < 400 we have that E|X;|" <
E|Y;|” < co. Finally

d—1

El(Xo, Xa, - Xa-na)l < K (14 Y ElXial") < oo,
k=0

which completes the proof. O

In [GCJLO0] was proven that the process V in (17) is p-mixing. Hence, we
can have a Central Limit Theorem using the fact that the process Z = (Z,,)nen
defined by

Zn = X(n+1)A - e_pAXnA

is p-mixing (by Theorem 3.4). This has the disadvantage that the parameter p
has to be known beforehand.

For the OU-drift model a much stronger result is possible, since the joint
Gaussianity of V' and Y can be used together with the spectral gap inequality
(see [Bak02]) to show that ¥ (and hence X) is p-mixing.

8 Numerical results

In this Section we simulate all the models using MATLAB. We verify the conver-
gence of the sample time averages, as predicted by the ergodic theory, and give
empirical evidence supporting that the rate of the convergence is of order ﬁ

Finally, we also also perform the calibration of the parameters.
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8.1 Convergence of the moments

Assume the model (17) and define:

€1 267

where Var(Y;) = %Z + =

(N i
€2+j:ﬁ2+ﬁ€ J A-l—

2k

1+

; 1
m(J)

and (

my

A

2+35) _ 1
N+1—j

e3 = 32 + Var(Y}),

(Var(Yt) —{ (a2 (/\a)2>e_ij

. Also, for N € N define:

N

n=j

and

J=123,

Y Xiame j=1.2,

n=0

ZX(n—j)AXnA ~Reor; J=1,2,3.

Tables 1 and 2 shows the results of 1000 simulations of the CIR-drift model
A= %) In both cases we have 10000 observations, first with A = 0.1 on the
time interval [0, 1000], and then with A = 1 and a longer time interval [0, 10000].

e1 =10 eo = 102.46667 | es = 102.44874
n m@ m® m®
(mean.err.) (mean.err.) (mean.err.)
100 9.99549 101.83554 101.82028
(9.67%) (18.93%) (18.96%)
1000 10.02925 102.95713 102.94077
(6.23%) (12.23%) (12.24%)
10000 9.99472 102.34364 102.32580
(2.24%) (4.41%) (4.41%)

Table 1: 1000 simulations with A = 0.1 on ¢ € [0, 1000].

e; =10 eo = 102.46667 | es = 102.29379
n m@ m® m®)
(mean.err.) (mean.err.) (mean.err.)
100 9.99681 102.38183 102.20773
( 6.48%) (12.69%) (12.77%)
1000 9.98718 102.21245 102.03911
(2.18%) (4.20%) (4.20%)
10000 | 10.00095 102.48519 102.31227
(0.69%) (1.36%) (1.36%)

Table 2: 1000 simulations with A =1 on ¢ € [0, 10000].
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In both cases we observe the convergence of the moments, as predicted by the
Ergodic Theorem. Comparing the results of both tables we see that increasing
the period of observations has a better impact on the error than increasing the
frequency of the sampling. The 4*" and 5'" moments behaved very similar to
the 374,

8.2 Estimation

Using the relations mg\? ~ e; for i = 1,...,5, the estimators &, 37 v, p, and
6 can be computed. The main difficulty is due to the non-linearity of the e;’s
as functions of the parameters (specially o and p). This implies that we need
a numerical method to solve the equations, and finding a good initial guess of
the parameters is not trivial. Also, the error incurred in the approximation
mg\? ~ e; gets magnified by the non-linearity of the equations.

We ran several simulations and solved the non-linear system numerically.
We found that even when we used the real values of the parameters as the
initial guess, and the relative errors of the m("’s were below 1%, we obtained
estimators with relative errors above 60%.

All this is because the high dimensionality of the parametric space. Therefore
we are going to assume some of the parameters as known, and estimate the
others. In doing that simplification, we are going to introduce extra complexity
using a price cap.

Assume an OU-drift model (A = 0) with a price cap M. Figure 1 shows the
result of one simulation for o = 0.05, g = 10, v = 0.1, p = 0.1, and o = 0.6.
The observations were made at intervals of length A = 1 from ¢ = 0 to ¢ = 500.

14

x <
11

13+ min(Y,M) 1
12 |- -
11 1
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t

Figure 1: Simulation of X; (o =0.05, 5 =10, v =0.1, p = 0.1, 0 = 0.6).

Assume that o, v and o are known, and we want to estimate 3 and p given
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the observations (X, )nen. Since in this case Y; is a Gaussian process with:

o2 =
EY; = d  Var(y;) =I?:= — 2«
T =0 an ar(Y:) 2p+1+%

we can compute e; = EX; and e; = EX? exactly. Denote:

Then:

and

Table 3 shows the results for 1000 simulations.

61:M+(ﬁ—M)<IJ<

ey = M2+ (8% + T2 —M2)<I>(

1 v 1,2
and O(z) = — e 2% du.
V 2 /—oo

7)o (),
M-p
r

r

) anra(M2)

B

er = 9.9565 ez = 100.7769 B=10 p=0.1
n m(l) mean error m(2) mean error B mean error ﬁ mean error
500 2.1% 4.07% 2.25% 20.8%
1000 1.55% 3% 1.66% 14%
5000 0.67% 1.3% 0.719% 5.9%
10000 0.496% 0.961% 0.533% 4.31%

Table 3: 1000 estimations of (3, p) with A =1 on ¢ € [0, 10000].

A Strictly Stationary Processes

A.1 Mixing coefficients

Let G1,G2 C F be two o-algebras. The following three measures of dependence
between them can be defined (see for example [Dou94] and [Bra86al)

a(G1,G2) =sup {\Cov(Ul, Us))|;0 < Uy, Uy < 1,U; G;-measurable for ¢ = 1,2},
B(G1, Gz) =E[ess.sup{ [P[BIG,] — PB]}; B € Gz},
p(gl,gg) :Sup{‘COI‘I‘(Xl,XQ)‘;Xl,XQ real,X1 c LQ(gl),XQ S Lz(gg)}

These coefficients are related by the inequalities 2a < § <1 and 4a < p < 1.

Let X be a process and define G; = o(X4;s < t) and Gt = o(X4;8 > t).
Then ax(t), Bx(t) and px(t) are defined by cx(t) = sup,sqc(Gs, G51), with
c=a, forp. X is said to be c-mizing if cx(t) — 0 when t — oo.
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If X is a strictly stationary process, then cx(t) = ¢(Go,G?). If X is also a
Markov process, then cx (t) = ¢(0(Xp),0(X¢)), and in this case
ax () =sup {|Cov(f(Xo),9(X:))|; f, g are B(S)-measurable and 0 < f,g < 1},
Bx (t) =E[ess.sup{|P[X; € B|X,] — P[X, € B]|; B € B(5)}],
px (t) =sup {|corr(f(Xo), g(X0))I; £, 9 € L7},
where 7 is the stationary distribution of X (see [Bra86al).

The following result (see [Bra86al) states that the mixing conditions are
stronger than ergodicity. However, some times they are easier to verify.

Proposition A.1. If a strictly stationary process X is a-mizing, then it is
ergodic.

A.2 Ergodicity and Hidden Markov Models

The following definition is based on [Ler92] (see also [BR96]). Let (S,B(S)) and
(T,B(T)) be two Polish spaces equipped with their Borel o-algebras. A stochas-
tic process (Z,)nen with state-space S is a Hidden Markov Model (HMM) if
there exists a strictly stationary Markov process (U, )nen with state-space T
such that:

(¢) For all n, (Zy)k<n are conditionally independent given (Uy, Us, ..., U,), and
the conditional distribution of Z;, depends only on Uk.

(4¢) The conditional distribution of Zj, given Uy, = u does not depend on k.
We will refer to U as the hidden chain and Z as the observed chain.

Proposition A.2. If Z is a HMM with hidden chain U, then Z is strictly
stationary. If U is ergodic, then Z is also ergodic. Moreover, az(n) < ay(n)

and pz(n) < pu(n).

Proof. The strict stationarity of Z and the inequality az(n) < ay(n) are both
proven in [GCJL00]. That the ergodicity of U implies the ergodicity of Z is
proven in [Ler92]. Here we are going to show the inequality pz(n) < py(n).

First notice that since Z is strictly stationary, the definition of pz(n) can be
rewritten as

pz(n) = sup {|corr(d(Z1, ..., Z:), W(Ziznt1s- - s Zignss))|:
¢:S"—>Rp: S >R, ¢, €L2i,jeN].

To simplify notation, write ® = ¢(Z1,...,Z;) and U = Y(Zipnt1,-- -, Zitntj)-
Then, with a little abuse of notation

pz(n) = sup {|EQV[;E® = EV = 0, E®* < 1,EV” < 1}.
For any L2 function ¢ : S* — R we can define Ho : T* — R as

H(b(ul,...,ui) ZE[¢(Zl, .7Zi)|U1 = ’(1,17...,UL' = ui}.

21



Notice that by Jensen’s inequality we have that (H¢)? < H(¢?).
Now assume that E® = EU = 0, E®? < 1 and E¥? < 1. Conditioning with
respect to Uy, ..., Uitny; and using the definition of HMM we obtain that

E(H¢)(Uq,..., ):]E(D:
(Hw)( itntly .- 1+n+J) =EV =
E(H¢)? (U17-~- U;) <E®? <1,
(H¢) ( i+n+ly .-, z+n+)§]E <1,
and  E[(H)(U,...,U)(HY)Uisnt1, - - Uignyj)| = EQV.
In that case, E[(H¢)(Un,...,U))(HY)(Uitn+1, - - -, Uitn+j)] < pu(n). Thus we
have that pz(n) < py(n). O

Remark A.3. Notice that in a HMM the hidden chain U 1is a strictly stationary
Markov process by definition, but the observable chain Z is not necessarily a
Markov process. Nevertheless, the previous proposition asserts that Z is always
strictly stationary.

B Moments of the hidden processes

Assume that V follows the model (17) with A = 0,3,1, and V; follows its

stationary distribution, so that the process V is strictly stationary. Denote
ve = (Vz — 8). Then
dvy = —av dt + v(8 + vt))‘ dWy.

Lemma B.1. For any 0 < s <t, and any m € N we have that
t
ety = e"m Sy 4 qm/ e av™ 2 + bu™ ] du + [Nt(m) - N(m)] (24)

where Nt(m) 1s a Fi-martingale,

m(m—1) ,

dm = v, Tm:ma_(stv

and the coefficients a, b and 0 depend on X as follows:

a b
1 0
8 1
B

== O >
[\
= o O

2p
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Proof. Applying It6’s lemma we obtain

(m—1)
2

= ¢/mt [rmvl” dt — mav™ dt + muv" (B + v)N AWy + ¢ul (8 + vy dt} .

_ m _
dle" o] = et 1o dt + mo " dvg + v <o >y }

Depending on the value of A we have

o2 ifA=0
V2 (B4 v)? = < Bom T2 42 ifA=1
BPo 2 42802 ot if A =1

Regardless the value of A, all the terms containing v;® on the right hand side
cancels out. Hence, defining

t
N™ = mu/ e (B vy,) N dW,
0

we obtain (24). O

Lemma B.2. Denote M, = Ev]® = E(V; — 8)™, and k = % Then

My =1
M; =0
1
ey
M. 1 bM. L ab
3= 2 = :
-0 T )

Proof. Clearly My = 1. Taking expectations on (24) and using the stationarity
of v we obtain for m =1 that M; = 0 (since ¢; = 0). For m > 2 we obtain the
recursive relation

My = I (aMyy_y + bMp_1] Vi > 2.

T'm

Noticing that

gm _  Gm 1
= ~ = - -
Tm Mo — 0qm oy )
we easily obtain My and Ms3. O

Corollary B.3. Depending on the value of A, the first three moments of v are
given by the following table:

Lemma B.4. If0 < s1 < s9 < s3 then
Elvs, vs,] = e~ (52750 M,

E[Umvwvss] = e_a(53_51)M3-
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A My My, M, Ms
o1 0o £ 0
1 5’/2 62V4
2| L0 55 Sar
ﬂ2 V2 2ﬂ3 V4
1 1 0 2a—v2 (2a—v?)(a—v?)

Proof. Using that ¢; = 0 and 1 = « we can write (24) for m =1 as

s

e**2p,, = e, + [N — NV, (25)

Multiplying by vs, and taking expectations we obtain

e**2E[v,, v5,] = e*1E[v? | + Efv,, (N — N(D)).

ED
But Efv,, (N — N)] = E[og, B[N — NV |F,]] = 0. Hence
]E['UMUSQ] = eia(&isl)MQ-

Similarly, rewriting (25) with sy and s3, multiplying by v, vs,, and taking ex-
pectations we get

eang[”aU&Uss} = dx%E[”Sl”i} + E[vs, vs, (Ns(gl) - Ns(zl))]a
thus E[v,, vs,vs,] = e~ 752)E[v,,v2 ]. To obtain this last expectation we first

write (24) for m = 2 as

S2
r989,.2 __ _T981,.2 Tou 0 1 2 2
R +q2/ e [av, + bu;] du + [NS(2) —N§1>].

1
Multiplying by vs, and taking expectations we obtain

S2
€™ Elvs,v2,] = eV Evd ] + qQ/ " (aE[vs,] + bE[vs, vy ]) du

S1

Since E[vs,] = M) = 0 and E[vg, v,] = e~ *(“=5) M, we have that

s2
eTzszE[vslvi] — 67‘281M3 + q2bM26a51/ e(rzfa)u du
51

_ q2bM;

r9 — &

q2bM>

ry —a

— 2% (M3 ) + ea51+(r2—a)sz

Lemma B.2 and a little algebra shows that 20M — £ Then

To—Q -

]E[’US1’US2’US3} = e—a(53—32)E[v51v§2]

_ efa(sgfsg)efrgm€O¢51+(r27a)32M3 _ efa(ssfé"l)M?’.

which concludes the proof. O
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